ABSTRACT. We introduce the package arrangements for the software CoCoA. This package provides a data structure and the necessary methods for working with hyperplane arrangements. In particular, the package implements methods to enumerate many commonly studied classes of arrangements, perform operations on them, and calculate various invariants associated to them.
INTRODUCTION
An arrangement of hyperplanes is a finite collection of codimension one affine subspaces in a finite dimensional vector space. Associated to these spaces, there is a plethora of algebraic, combinatorial and topological invariants. Arrangements are easily defined but they lead to deep and beautiful results that put in connection various area of mathematics. We refer the reader to the seminal text [10] for a comprehensive account of this subject.
One of the main goals in the study of hyperplane arrangements is to decide whether a given invariant is combinatorically determined, and, if so, to express it explicitly in terms of the intersection lattice of the arrangement.
We describe the new package arrangements that computes several combinatorial invariants (like the lattice of intersections and its flats, the Poincaré, the characteristic and the Tutte polynomials) and algebraic ones (like the Orlik-Terao and the Solomon-Terao ideals) of hyperplane arrangement for the software CoCoA ([1], [2] and [3] ). Moreover, several functions for the class of free hyperplane arrangements are implemented. In addition, this package allows also to do computations with multiarrangements. Finally, several known families of arrangements (like classic reflection arrangements, Shi arrangements, Catalan arrangements, Shi-Catalan arrangements, graphical arrangements and signed graphical ones) can be easily constructed.
We introduce this package via several examples. Specifically, in Section 2 we first recall the definitions of various combinatorial invariants of a given arrangement and then describe how to compute them. In Section 3, we describe how to work with free hyperplane arrangements, and in Section 4 how to define the Orlik-Terao ideal and the Solomon-Terao one. Finally, in Section 5 we describe the class of multiarrangements with particular emphasis to the free ones.
This package will be part of the official release CoCoA-5.2.4.
COMBINATORIC OF ARRANGEMENTS
Let V be a vector space of dimension l over a field K. Fix a system of coordinate (x 1 , . . . , x l ) of V * . We denote by S = S(V * ) = K[x 1 , . . . , x l ] the symmetric algebra. A finite set of affine hyperplanes A = {H 1 , . . . , H n } in V is called a hyperplane arrangement.
For each hyperplane H i we fix a defining equation
In this case, the defining equation α i ∈ S is linear homogeneous, and hence Q(A) is a homogeneous polynomial of degree n.
The operation of coning allows to transform any arrangement A of V with n hyperplanes into a central arrangement cA in a vector space of dimension l + 1 with n + 1 hyperplanes, see [10] .
Notice that in CoCoA to compute the cone of an arrangement A, the homogenizing variable needs to be already present in the ring in which the equation of A is defined. 
The Poincaré polynomial of A is defined by
and it satisfies the formula π(cA, t) = (t + 1)π(A, t).
We now verify the previous result for the Shi arrangement of type A in CoCoA.
/ ** / use S::=QQ[x,y,z,w]; / ** / A := ArrShiA(S, 3); / ** / pi_A := ArrPoincarePoly(A); pi_A; 9 * tˆ2 +6 * t +1 / ** / cA := ArrCone(A, w); / ** / pi_cA := ArrPoincarePoly(cA); pi_cA; 9 * tˆ3+15 * tˆ2+7 * t+1 / ** / pi_A := ArrPoincarePoly(A); / ** / t := indets(RingOf(pi_A),1); / ** / pi_cA = (1+t) * pi_A; true For any flat X ∈ L(A) define the subarrangement A X of A by
Similarly, define the restriction of A to X as the arrangement
The characteristic polynomial of A is
The characteristic polynomial is characterized by the following recursive relation
for any H ∈ A. We verify the previous result for A [−1,2] the Shi-Catalan arrangement of type A in CoCoA. 
The importance of the characteristic polynomial in combinatorics is justified by the following result from [8] , [9] and [21] . Associated to each hyperplane arrangement, it can be naturally defined a third polynomial. The Tutte polynomial of A is
As shown in [6] , it turns out that the Tutte and the characteristic polynomials are related by
We verify the previous result for the Boolean arrangement in CoCoA. Notice that here, since the Tutte and the characteristic polynomials live in different rings, we need to construct a ring homomorphism, with the command PolyRingHom, to check the required equality. 
FREE HYPERPLANE ARRANGEMENTS
In the theory of hyperplane arrangements, the freeness of an arrangement is a very important algebraic property. In fact, freeness implies several interesting geometric and combinatorial properties of the arrangement itself. See for example [18] , [20] , [4] , [7] and [12] .
We denote by
. . , f l are homogeneous polynomials of degree d in S, then δ is said to be homogeneous of polynomial degree d. In this case, we write pdeg(δ) = d.
For any central arrangement A we define the module of vector fields logarithmic tangent to A (logarithmic vector fields) by 
The module D(A) is obviously a graded S-module and we have that
One of the most famous characterization of freeness is due to Saito [13] and it uses the determinant of the coefficient matrix of δ 1 , . . . , δ l to check if the arrangement A is free or not. 
. . , δ l are linearly independent over S and l i=1 pdeg(δ i ) = n. Given a simple graph G, we can define the graphical arrangement A(G), see [10] . In [15] , Stanley showed that A(G) is free if and only if G is a chordal graph. See also [17] and [16] for more general results.
We verify this result for a given graphical arrangement in CoCoA. 
ALGEBRAS
In [11] , Orlik and Terao introduced a commutative analogue of the OrlikSolomon algebra in order to answer a question of Aomoto related to cohomology groups of a certain "twisted" de Rham chain complex. The crucial difference between the Orlik-Solomon algebra and Orlik-Terao algebra is not the difference between the exterior algebra and symmetric algebra, but rather the fact that the Orlik-Terao algebra actually records the "weights" of the dependencies among the hyperplanes.
Let A = {H 1 , . . . , H n } be an arrangement in V and Λ ⊆ {1, . . . , n}. If i∈Λ H i = ∅ and codim( i∈Λ H i ) < |Λ|, then we say that Λ is dependent. If Λ is dependent, then there exist c i ∈ K such that i∈Λ c i α i = 0. These algebras and their Betti diagrams give us a lot of information on the given arrangement, for example about its formality. See for example [14] .
We In [5] , the authors introduced a new algebra associated to a hyperplane arrangement. This algebra can be considered as a generalization of the coinvariant algebras in the setting of hyperplane arrangements and it contains the cohomology rings of regular nilpotent Hessenberg varieties. We can construct the Solomon-Terao ideal of the reflection arrangement of type D with respect to f the sum of the square of the variables in the following way in CoCoA: / ** / use S ::= QQ[x,y,z]; / ** / A:=ArrTypeD(S,3); / ** / f:=xˆ2+yˆ2+zˆ2; / ** / SolomonTeraoIdeal(A,f); ideal(2 * xˆ2+2 * yˆ2+2 * zˆ2, 6 * x * y * z, 2 * xˆ2 * yˆ2-2 * yˆ4+2 * xˆ2 * zˆ2-2 * zˆ4)
MULTIARRANGEMENTS OF HYPERPLANES
A multiarrangement is a pair (A, m) of an arrangement A with a map m : A −→ Z ≥0 , called the multiplicity. An arrangement A can be identified with a multiarrangement with constant multiplicity m ≡ 1, which is sometimes called a simple arrangement. Define Q(A, m) = 
